Abstract. For any two integers d, r ≥ 1, we show that there exists an edge ideal I(G) such that the reg (R/I(G)), the Castelnuovo-Mumford regularity of R/I(G), is r, and deg h R/I(G) (t), the degree of the h-polynomial of R/I(G), is d. Additionally, if G is a graph on n vertices, we show that reg (R/I(G)) + deg h R/I(G) (t) ≤ n.
The first two authors initiated a comparison of these two invariants in [9, 10, 11] . It was shown in [9] that for all r, d ≥ 1, there exists a monomial ideal such that reg(R/I) = r and deg(R/I) = d; in [10] , it shown that this monomial ideal could be taken to be a lexsegment monomial ideal. In both cases, the degrees of the minimal generators of I depend upon on r and/or d. However, if restrict our family of ideals, one might expect some restriction on the values of r and d. For example, it is shown in [11] that for 2 ≤ r ≤ d, there exists a binomial edge ideal (see [8, 14] ) J G with reg(R/J G ) = r and deg h R/J G (t) = d, and furthermore, [16, Theorem 2.1] says that deg h R/J G (t) = 1 if reg(R/J G ) = 1.
The starting point of this paper is to ask what happens if we restrict to edge ideals. Recall that if G = (V (G), E(G)) is a finite simple graph on V (G) = {x 1 , . . . , x n }, then the edge ideal is the ideal I(G) = (x i x j | {x i , x j } ∈ E) ⊆ R = k[x 1 , . . . , x n ]. Our main result is the perhaps surprising fact that one can obtain the main result of [9] using only edge ideals (unlike [9, 10] where the degrees of the generators change, our generators always have degree two): 
Interestingly, reg (R/I(G)) and deg h R/I(G) (t) are related by the following inequality. 
We provide examples to show that this bound is sharp. Note that Theorem 1.2 gives a new upper bound on the regularity of edge ideals, i.e., reg (R/I(G)) ≤ n − deg h R/I(G) (t), which complements past research on the regularity of edge ideals (see [5, 6] 
Background
We recall the relevant graph theory and commutative algebra background. We continue to use the notation and terminology from the introduction.
Let G = (V (G), E(G)) be a finite simple graph on the vertex set V (G) = {x 1 , . . . , x n } and edge set E(G) consisting of unordered pairs of distinct elements of V (G), that is, if e ∈ E(G), then e = {x i , x j } for some i = j. If G is clear, we write V , respectively E, for V (G), respectively E(G).
We say that there is a path between the vertices x i and x j if there is a collection of edges {e 1 , e 2 , . . . , e t } such that x i ∈ e 1 , x j ∈ e t , and e ℓ ∩ e ℓ+1 = ∅ for all ℓ = 1, . . . , r − 1. A graph G is connected if there is a path between every pair of vertices of G; otherwise, G is said to be disconnected. A connected component of G is a maximal connected subgraph.
Given any subset
A set of vertices W ⊆ V is an independent set if for all e ∈ E, e ⊆ W . An independent set is a maximal independent set if it is maximal with respect to inclusion. We let α(G) denote the size of the largest maximal independent set. Using the independent sets, we can build a simplicial complex. In particular, the independence complex of G is the simplicial complex:
Note that α(G) is the cardinality of the largest element in Ind(G).
A set of vertices W ⊆ V is a vertex cover if for all e ∈ E, e ∩ W = ∅. A vertex cover is a minimal vertex cover if it is minimal with respect to inclusion. We let β(G) denote the size of the smallest minimal vertex cover. There is duality between independent sets and vertex covers; specifically, W ⊆ V is an independent set if and only if V \ W is a vertex cover. Consequently
A set of edges {e 1 , . . . , e s } ⊆ E is said to be a matching if none of the edges share a common vertex. We let α ′ (G) denote the size of the maximum matching in G. We then always have the following inequality:
Indeed, for any matching {e 1 , . . . , e s } ⊆ E, any minimal vertex cover must contain at least one vertex from each e i Finally, we will require the following bound on the regularity of R/I(G).
Main Theorem
In this section we will prove our main theorem:
be integers. Then there is a finite simple graph G with r = reg (R/I(G)) and d = deg h R/I(G) (t).
In order to show this theorem, we will prepare some lemmata. 
, and
By virtue of this lemma, one has:
Lemma 3.3. Let G be a simple graph, and let G 1 , . . . G ℓ be the connected components of G. Then
where
Remark 3.4. By Lemma 3.3, if G is graph with reg (R/I(G)) = r and deg h R/I(G) (t) = d, then the graph G ′ which is the disjoint union of G and a single edge on two new vertices
. To prove Theorem 3.1 we need to show that for each r ≥ 1, there exists a graph G with reg(R/I(G)) = r and deg h R/I(G) (t) = 1, and for each d ≥ 1, there is a graph G with reg(R/I(G)) = 1 and deg h R/I(G) (t) = d. We now work towards this goal. 
We now require the following graph construction. Let G be a simple graph on V (G) = {x 1 , . . . , x n }. For S ⊂ V (G), the graph G S is defined by
, where x n+1 is a new vertex; and
Lemma 3.6. Let G be a graph and let S ⊂ V (G). Assume that
Proof. By the assumptions and the definition of G S , we have I(G S ) + (x n+1 ) = (x n+1 ) + I(G), and
]. Thus, by the additivity of Hilbert series on the short exact sequence 0 → R ′ /(I(G S ) : (x n+1 )) (−1)
we have
Furthermore, we have reg R ′ /I(G S ) = r by virtue of [2, Lemma 2.10].
Example 3.7. Let G be the two disjoint edges {x 1 , x 2 } and {x 3 , x 4 } and S = V (G). Then G S = G ribbon where G ribbon is the following graph:
(1 − t) 2 and reg(R/I(G)) = 2. Hence, by applying Lemma 3.6, one has
Example 3.8. Let G 0 be the union of G ribbon and a disjoint edge {x 6 , x 7 }:
(1 − t) 3 and reg(R/I(G 0 )) = 2 + 1 = 3 by virtue of Lemma 3.3 and Example 3.7. Now we set S i = V (G i ) \ {x 7 } and G i+1 = G S i i for i = 0, 1, 2. Then, by using Lemma 3.6 repeatedly, one has
where R ′ = k[x 1 , . . . , x 10 ] and G 3 is the following graph:
Lemma 3.6 says that, given r ≥ 2, we can construct a graph G ′ for which deg h R/I(G ′ ) (t) = 1 and reg(R/I(G ′ )) = r from a graph G for which deg h R/I(G) (t) = 2 and reg (R/I(G)) = r, provided the hypotheses of Lemma 3.6 are met. We use this idea in the next lemma.
Lemma 3.9. Given an integer r ≥ 3, we put Y r = {y 1,1 , y 2,1 . . . , y r−2,1 , y 1,2 , y 2,2 , . . . , y r−2,2 },
X,Yr is the following:
Zr is a complete graph, i.e., all vertices are adjacent; and • for all 1 ≤ i ≤ r − 2 and for all 1 ≤ j ≤ 2 i+1 − 1,
Proof. We prove this lemma by induction on r ≥ 3. The graph of Example 3.8 is G (3) ; we
showed that
Assume r > 3. Let G ′ be the union of G (r−1) and a disjoint edge {y r−2,1 , y r−2,2 }. Let
by the induction hypothesis and Lemma 3.6. Let S 0 = X ∪ {y 1,1 , y 1,2 , . . . , y r−2,1 } ∪ Z r−1 . Then |S 0 | = r + 3 + |Z r−1 | and
Hence, by virtue of Lemma 3.6, one has
(1 − t) r and reg(R 0 /I(G 0 )) = r,
. Now, for each 1 ≤ j ≤ 2 r−1 − 2, we define R j , S j and G j inductively:
; and
, G 2 r−1 −2 = G (r) , and one has H R (r) /I(G (r) ) (t) = 1 + (2 r − 1)t (1 − t) r and reg R (r) /I(G (r) ) = r by using Lemma 3.6 repeatedly.
We are now in a position to finish the proof of Theorem 3.1. ⌋, so we must also have r ≤ ⌊ n 2 ⌋ by Theorem 2.1. However, these inequalities are not enough to desribe all the pairs (r, d) that may be realizable. For example, when n = 9, we computed reg (R/I(G)) , deg h R/I(G) (t) for all 274668 graphs on nine vertices. We observed that for all such G, reg (R/I(G)) , deg h R/I(G) (t) ∈ {(3, 1), (4, 1), (4, 2)} even though these tuples satisfy the inequalities r + d ≤ 9 and r ≤ 4. A similar phenomenon was observed for other n, thus suggesting the existence of another bound relating reg (R/I(G)) and deg h R/I(G) (t) for a fixed n
